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MITIGATING END EFFECTS IN THE DYNAMIC VEHICLE 
ALLOCATION MODEL* 

RICHARD E. HUGHES AND WARREN B. POWELL 
Department of Industrial and Operations Engineering, University of Michigan, 

Ann Arbor, Michigan 48109 
Department of Civil Engineering and Operations Research, School of Engineering/Applied 

Science, Princeton University, Princeton, New Jersey 08544 

A class of network models developed for optimizing the use of a fleet of vehicles can be viewed 
as time-staged optimization models. Such models which have linear objective functions suffer 
particularly from end effects, the distortions introduced by employing a finite planning horizon. 
This paper brings together the end effects literature and the vehicle allocation literature to find a 
finite linear programming problem that gives an approximation to the first stage optimal 
solution of the infinite model. In addition, we develop another method of approximation and 
show that both methods can be formulated as generalized networks. Numerical results are 
presented for each method for comparison. 
(GENERALIZED NETWORKS; VEHICLE PLANNING) 

1. Introduction 

Many transportation companies face the problem of deciding how to manage their 

vehicle fleet over time. That decision process is particularly important for companies 

that have full control over their vehicle movements on a real-time basis, and that are 

not bound by a service schedule. Truckload motor carriers, sea container companies, 

and rental car services all fall into this category. Each industry is characterized by a 

large, spatially distributed fleet of vehicles which must be moved to handle current 

demands or repositioned (moved empty) to handle known or anticipated demands at 

future points in time. Since demands vary over time as well as space, the problem is 

referred to as the dynamic vehicle allocation problem (DVA). 

In the truckload industry, for example, a carrier agrees with a customer to carry its 

goods from one location to another without sharing the truck with any other customer. 

Thus the company commits trucks to servicing a customer for a period of time. At the 

end of that time, the decision of what to do with the truck arises again. The decisions 

faced by a carrier include which loads should be accepted on a given day, which trailers 

should be moved empty to another region and which trailers should be held in a region 
until a later time. 

The sea container industry faces a similar situation. Containers move according to 

the needs of individual customers and according to management decisions about empty 
container movements. Tradeoffs occur between demand for a container now that 
would not be very profitable and future demand for the container either in the same 

location or some other place that would be more profitable. The choice then is to either 

allocate the container to meet the present demand, keep it as inventory, or move it 

empty somewhere else. 

In the car and truck rental industries, customers often rent a vehicle at one location 

and "return" it to the company at a different location. Hence the same kinds of 
decisions must be made about what to do with the cars. Clearly the spatial structure of 
this industry is discrete. A car rental company has a finite number of car lots to which 
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cars can be returned and from which they can be rented. Moreover, the truckload and 
sea container industries can be modelled similarly by aggregating the service area into 
regions. Thus all three models have a discrete number of locations, and time can be 
considered as discrete since vehicle allocation decisions might be made daily. 

Typically a company that would use a DVA model faces the situation where it has 
full control over each of its vehicle's movements and each vehicle serves only one 
customer at a time. At a particular time a vehicle can either be assigned to fulfill a 
customer's demand for transportation services from point a to b, it can move empty, or 
it can remain in place to take advantage of future demand where it is. Each choice has a 
certain impact in terms of immediate costs and revenues derived, as well as down- 
stream impacts resulting from having a vehicle in a new location. By not considering 
these future impacts, the profit a vehicle will earn carrying a load into a region can be 
significantly reduced if the vehicle must then be moved empty out of the region. 

Decisions made today, then, must anticipate future opportunities. An important 
assumption made in this research is that future revenue generating opportunities are 
either known or can be reasonably predicted based on previous historical activities. In 
addition, the assumption is made that activities follow a cyclical pattern (reflecting, for 
example, a weekly cycle in activity levels), implying that in principle at least predictions 
of future demands can be made indefinitely into the future. Incorporating such infor- 
mation would require solving an infinitely large linear program, however, so the deci- 
sion maker must truncate the planning horizon-the time beyond which future de- 
mand information is ignored-to a finite value. The result of ignoring future demand 
can potentially result in serious distortions of the solution. This distortion is known as 
an "end effect" since it comes from an artificial end of the planning horizon. 

To illustrate end effects, consider a United States truckload motor carrier. Suppose 
one of its regions is Alaska, which generally has a large quantity of goods being trucked 
in and little trucked out. Clearly the profit and deadheading costs from the continental 
United States to Alaska are large. In an infinite horizon model there would be a 
disincentive to taking shipments to Alaska because it is very likely that the truck would 
have to come back empty. If the planning horizon were truncated to a finite length, the 
optimal solution might send too many trucks to Alaska because the "deadhead" pen- 
alty has been removed by the truncation. Moreover, in prior periods the model would 
allocate trucks to take advantage of the last period opportunity. So it is easy to see how 
truncating an infinite horizon DVA model to a finite horizon one introduces end 
effects. 

The DVA model has its origins in Leddon and Wrathall (1967), Potts (1970), White 
(1972), White and Bomberault (1969). Jordan and Turnquist (1983) and Powell (1986) 
extend this work to the case of stochastic demands. These works introduce the basic 
network structure used in the DVA model formulation considered here, which is 
summarized more clearly in Powell et al. (1984). Currently the DVA models being used 
lack a theoretically sound basis for reducing the severity of the end effects. There is, 
however, an extensive literature on time-staged optimization models. Since time-staged 
optimization models often occur in economic and capacity expansion models, it is in 
these areas that the end effects literature has developed. Hopkins (1971) addresses end 
effects in the capacity expansion context. Manne (1970) considers end effects in the 
economic development context. Grinold (1977, 1983a, b) and Grinold and Hopkins 
(1973) also provide results for reducing end effects in time-staged optimization models. 
It is the four papers of Grinold and Grinold and Hopkins that are directly relevant to 
the DVA model. 

The paper is organized as follows. ?2 reviews the basic formulation of the dynamic 
vehicle allocation model. ?3 then presents several approaches for mitigating end effects 
by solving specific finite linear programs that can be represented as generalized net- 
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works. Finally, ?4 presents the results from an extensive set of numerical experiments 
where various rigorous as well as naive approximations are used to solve the DVA. 
These techniques are evaluated by comparing them to a "brute force" solution which 
solved a very large network problem extending well into the future. 

2. Basic DVA Model 

The DVA model assumes that both the spatial and temporal aspects of the situation 
can be discretized. For example, a trucking company can divide its service area into 
regions and make dispatch decisions at times To, TI, T2, ..., which are also called 
periods 0, 1, 2, .... In transportation, these time periods are often evenly spaced in 
time, although they need not be. In the trucking industry, for example, a typical time 
period would be 24 hours. Consider the decision of how to use a truck in a region in a 
particular time period i, which is made at time Ti. The company must choose whether 
to (1) assign the truck to a load (if one exists), (2) move the truck empty to another 
region, or (3) keep the truck in the same region to take advantage of future demand 
originating in that region. 

In the DVA model considered here, the future demand for vehicles is assumed to be 
known with certainty. While not entirely accurate, the assumption is particularly useful 
since it yields a linear objective function for the mathematical programming problem. 
The DVA model can thus be written as a linear program, where the constraints are 
merely the conservation of vehicles in each region at each time period of the planning 
horizon, plus the upper bounds on the loaded vehicle movements which are equal to 
the projected demands. Let C be the set of regions and N be the number of time periods 
that constitute the planning horizon. Then the DVA model is given by: 

N 

max II = a a([r1jFj, - d1jE1j,,] (1) 
iEC jeC n= 1 

subject to 
z [Fij,n-tj ? Eii,n-tij] + R = R [Fjik,n + Eik,n] Vj, n (2) 

iEC kEC 

O < Fij,n < Din,, Vi, j,n, n = 1,.. .,N, where (3) 

Eij,n = the flow of empties going from region i to region j, leaving on period n, 
Fi = the flow of full vehicles going from region i to region j, leaving on period n, 
tij= travel time (measured in periods) required to go from region i to region j, where 

tij= 1,2,..., 
dij = cost to send an empty vehicle from region i to region j (deadhead cost), 
rij = net revenue received from sending a full vehicle from region i to region j, 
Dii,n = demand for vehicles going from region i to region j, leaving on period n (Di,n 

-0, 1,2,. ) 
Ri,n = supply of vehicles entering the system for the first time at city i on period n 

(negative if vehicles leave the system), 
a = discount factor. 
Note that each decision variable in (1) originates at a node and terminates at another. 

Clearly the DVA model can be formulated as a network by making each region at each 
time period a node. Constraint (2) represents the conservation of flow restriction at 
each node. An example with two regions and one-period vehicle movements is depicted 
in Figure 1. Note that there are pairs of arcs between nodes: one arc is for vehicles 
moving full; the other, for vehicles deadheading. Equation (3) specifies the upper 
bounds on the full vehicle movement arcs to be the demand for vehicles going from i to 
j leaving in period n. Moreover, the basis of this network model is unimodular since 
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there are no gains or losses on the arcs. It is the pure network structure which allows the 
use of very efficient network simplex codes to solve DVA models. 

In equation (1), each successive time period is discounted again by a. Typically, 
however, time periods would be grouped together in stages, where all activities in a 
given stage are discounted equally. For example, seven one-day time periods might 
represent a single stage. In addition, the first few time periods are often grouped into an 
initial transient stage of arbitrary length while the rest of the planning horizon is made 
up of a single stationary stage that is repeated continuously. The transient stage might 
incorporate real-time information about actual and forecasted demands, while the 
stationary stage would consist entirely of demand forecasts based on historical data. 

Obviously an important parameter in this model is the choice of the discount factor 
a. One option of course would be based on the time value of money, leading to a choice 
of a very close to unity. This option does not accurately discount future activities since 
in reality there is some uncertainty associated with the forecasts of demands for vehi- 
cles. An alternative, then, is to choose a considerably smaller discount factor (say 0.6 or 
0.7) as a somewhat ad hoc approach for incorporating uncertainty. 

Although Figure 1 indicates an infinite time dimension, in practice a finite number of 
time periods are considered. Therefore a supersink is added beyond the planning hori- 
zon. Uncapacitated arcs representing trucks that reach their destinations beyond the 
planning horizon terminate at the supersink. A cost is put on each arc terminating at 
the supersink which is referred to as the regional penalty of the region in which the arc 
originates. In the trucking example of the introduction, the arcs leaving the nodes 
corresponding to Alaska and terminating at the supersink would have a large positive 
penalty. The state of the art in solving the DVA model consists of heuristics for finding 
these regional penalties. These methods, however, lack theoretical support. Applying 
the time-staged optimization model end effects literature can provide that support. 

3. Methods for Reducing End Effects in the DVA Model 

One way of tackling the end effects problem is to find a finite sized mathematical 
programming problem which approximates the infinite horizon problem for a given 
number of periods into the future. This section presents three such problem formula- 
tions. The first, the dual equilibrium method of Grinold (1983a), is shown to exhibit 
special structure when applied to the DVA model. The second method, termed here the 
generalized summation approach, is closely related to the dual equilibrium method but 
uses a slightly different method for aggregating future time periods. Finally, the results 
of Grinold and Hopkins (1973) are applied to the DVA model to give the Leontief 
approximation. 

Dual Equilibrium Approximation 

The mathematical programming problem considered in Grinold (1983a) is given by 
00 

min u = fo(xo) + z af(xt) (4) 
t=1 

subject to 
Aoxo =bo 

Hlxo + Ax, b1, 

H2xo+ Klxl + Ax2 =b2, 

H3x0 ? K2x1 ? K1x2 ? Ax3 =b3 
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H4xO + K3x1 + K2X2 + Klx3 + Ax4 = b4, 

Htxo + Kt-lxl + Kt-2x2 + * + Axt = bt, 

xo,xt 0, t? 1 (5) 

wherefandfo are lower semicontinuous functions. The decision variables contained in 
xo form the "transient stage" while xt, t 2 1, form the "stationary" part of the mathe- 
matical program. 

The dual equilibrium method of Grinold (1 983a) aggregates the decision variables of 
the stationary section of (5) to give a finite linear program. The constraints for time t 
> 1 are weighted by a't-l(I - a), where a't- -l( - a) = 1. Summing over t gives 

00 00 
(1 - a)[ at-'Ht]xo + A(1 - a) at-lxt 

t=l t=1 

+ [2 atKt][(l - a) z at-lxt] = (1 - a) z at-lbt. (6) 
t=l t=l t=l 

Substituting aggregate quantities gives 

H(a)xo + [A(a)]x(a) = b(a), where (7) 
00 

b(a) = (1 - a) z at 1bt, (8) 
t=l 

H(a) = (1 - a) z at 1Ht, (9) 
t=l 

A(a) = A + z atKt, (10) 
t=l 

x(a) = a-) z at1Xt. (11) 
t=l 

Similarly, the objective function can be approximated by aggregating the decision 
variables. Iff is a convex and lower semicontinuous function, 

00 00 

z atf(xt) = a[ ( - a)at-1f(xt)]/(1 - a) 2 af(x(a))/(1 - a). (12) 
t=l t=l 

Of course, equation (12) holds with equality when f is linear. Since f(xo) = cOx0 and 
f(xt) = cxt (t 2 1) for the DVA model, the objective function can be written 

z atctxt = COx0 + a z atilcxt = coxo + acx(a)/(l - a). (13) 
t=O t=l 

Thus the dual equilibrium finite approximation problem is 

min coxo + acx(a)/(1 - a) (14) 

subject to 

Aoxo = bo, (15) 

H(a)xo + A(a)x(a) = b(a), (16) 

Xo20, x(at)?2O. (17) 
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Note that it is not possible to reconstruct the stationary stage solution to the infinite 
horizon problem (4)-(5) from x(a). However, this does not pose a problem, for the goal 
is to reduce the end effects in the transient stage solution. The number of columns in 
(1 5)-(17) is equal to the number of empty movement arcs plus twice the number of 
loaded movement arcs in the time periods aggregated into xo and x1 of (5). The number 
of rows in (15)-(17) is the sum of the number of nodes and loaded arcs in xO and x1 
of (5). 

To illustrate how the DVA model is consistent with the form of (4)-(5), consider the 
example presented in Figure 1. In this example each stage is defined as consisting of two 
time periods. That holds for the transient stage as well as for the stages of the stationary 
section of the model. Accordingly, K, = H, = 0 for t > 1. It is convenient to partition the 
rows of A and Ao into two groups: Af contains the rows for the conservation of flow 
equations while Ab contains the entries for the upper bounds on the loaded movement 
arcs. Thus, 

LAb] 
0 0 0 o o o o o 0 o o o - o 0- o -1 o 0 o 0 o 

0 0 00 0 0 00 0 0 00 0 -1 0-1 0 -1 0-1 0 00 0 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 

0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 

HK, 0 0 00 000 00 00 00 00 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 

0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 00 00 _ 

First Period Second Period Time Region 

Full Empty Slack Full Empty Slack 

Origin I112 2 1 12 2 112 2 1 12 2 
Region 

Destination 1 2 12 1 2 12 12 12 1 2 12 
Region 

11I0 0 1 1 00 0 0 00 0 0 00 0 0 00 00 0 01 
[0 011 0 0 11 0 0 00 0 0 00 0 0 00 0 0 00 1 2 

-1 0-1 0 -1 0-1 0 0 0 00 1 10 0 1 10 0 00 00! 2 
[0-1 0-1 0 10 -1 0 0 00 0 0 11 0 0 11 0 0 00 _j2 2 

I 10 00 0 0 00 1 0 00 0 0 00 0 0 00 00 001 
0 01 00 0 0 00 0 1 00 0 0 00 0 0 00 00 0 0 
0 001 0 0 0 00 0 0 10 0 0 00 0 0 00 00 001 
0 0 01 0 0 00 0 0 01 0 0 00 0 0 00 00 00! 

10 000 0 0 00 0 000 0 10 00 0 000 0 1 0 0 
[0 000 0 0 00 0 0 0 01 000 0 0 0 0 100010 

0 0 00 0 0 00 0 0 00 0 0 10 0 0 00 0 01 0 
L 00 0 0 0 0 0 0 0 00 0 0 01 0 0 00 0 00 1 

co= c = (-ril -r12 -r2l -r22 di, c112 d21 d22 0 00 0 

o~ ~~~~~~~-1 -ro -ro -ro do o11 do do 0000]ooo oooo 
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TIME 

R , _ ___ ___ ___ _ cO __ _ __ _ _ __ _ 

-21 -- O 0 

(d 0 ,D0) (d a ) 

*, 

CI) z 
0 

w 

c &9 

(r22,D2) r22,D2,)22,2) (r22 D22u3)____ 

COST, UPPER BOUND_ 

FIGURE 1. The Infinite Stage Dynamic Vehicle Allocation Problem. 

and for stage t, 

bt = [R1,2t R2,2t R1,2t+1 R2,2t+1 D 1,2t DI2,2t D21,2t D22,2t D 1,2t+I D12,2t+1 D21,2t+I D22,2t+]I 

Note that the rows in H1 and K1 consisting of all O's are necessary to make all matrices 
in (16) have the proper dimensions. H1 and K1 contain entries corresponding to the 
termination of arcs which cross between time stages. 

In general, the DVA model can be written in the form of (4)-(5) by aggregating the 
constraints and decision variables by time stage. The lower block triangular structure of 
the constraints is due to the dynamic nature of the model. That is, a vehicle that departs 
at time -ri cannot possibly finish its trip at time Tj < Ti. Thus when the constraints and 
decision variables are ordered according to time period, no arcs can move upward 
across the diagonal of the constraint matrix; hence the upper triangle is left full of zeros. 

Grinold (1983a) requires that the quantities A(a), H(a), K(a) and b(a) exist. In the 
context of the DVA model this means that there is a cycle in the demand for vehicles, as 
well as a regular pattern in the possible vehicle movements. Therefore either the trans- 
portation mode being modelled must exhibit these properties in order to apply the dual 
equilibrium technique or it must be possible to approximate the actual situation by a 
model having these properties. 

Not only does the DVA model satisfy the mild restrictions outlined above, as we have 
just seen for a two-region model, but the finite mathematical program which gives an 
approximation of xo, problem (14)-(17), has a very special structure. This important 
result is stated as a theorem about the DVA model. 

THEOREM 1. Equations (1 5)-(17) form the conservation offlow equations for a 
generallized network. 
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PROOF. A generalized network is characterized by a constraint matrix where each 
column has at most two nonzero entries, in addition to upper bounds which can be 
ignored. The vector xo covers links which begin in the transient stage and end in either 
the transient or stationary stage. For links which begin and end in the transient stage, AO 
contains a single + 1 and -1 and the column of H(a) corresponding to this link consists 
of all O's. Links which end in the stationary stage are represented by a + 1 in Ao and a -a 
in H(a). We thus need to show that the matrix A(a) has at most two nonzero entries. 
Recall that A(a) = A + It'= adKt. Any link moving within a single stationary stage 
contains a + 1 and -1 in the associated column of A while the corresponding column in 

t'=, atK is all zero. Links moving from one stationary stage to the next are represented 
by a single +1 in A and a -1 in the column of the sequence {Kt}. C1 

A(a) and H(a), which represent the condensed stationary stage, is given below. The 
first twelve variables represent arcs which originate in the transient stage; the last twelve 
are for arcs originating in the stationary stage. 

11 0 0 1 1 0 0 0 0 o o -a o-a O -a o-a O 0 0 0 
0 0 11 0 0 1 0 000 0-aO -a 0-aO -a 00 0 0 

-1 0-1 0 -1 0-1 0 0 000 1 1 0 0 1 1 00 0 0 0 0 

0-1 0--1 0-1 0-1 0 0 0 0 00 1 1 0 0 1 1 0 0 0 0 
-- -- ---- ---- ----+- + - + - + - +- 

10 0 0 00 0 0 1 0 00 00 00 00 0 o0 00 0 0 

0 1 0 0 0000 0100 0 0 0 0 0 000 0 0 0 0 
A 0 1 010 0 0 00 0 0 1 0 0000 0 0 0 0 0 0 0 0 

0 0 01 00 0 O O O 0 1 0 0 0 0 0 000 0 0 0 0 

0 0 00 00 0 0 00 0 0 1 0 0 0 0 0 0 0 1 0 0 0 

0 0 00 00 0 0 00 0 0 0 1 0 0 0 000 0 1 0 0 
0 0 00 00 0 0 00 0 0 00 1 0 0 0 00 0 0 1 0 
0 0 00 00 0 0 0 0 0 000 1 0 0 0 0 0 0 0 1 

0 0 00 00 0 0 00 0 0 -1 0-1 0 -1 0-1 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 0-1 0-1 0-1 0-1 0 0 0 0 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 

0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 

H() I )0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 
H(a)(1a) 0 000 0 0 00 00 00 0 0 00 00 00 0 00 0 

0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 

0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 
0 0 00 0 0 00 0 0 00 0 0 00 0 0 00 0 00 0 
0 0 00 0 00 0 0 0 00 0 0 00 0 0 00 0 0 00_ 

Assuming that no trucks enter or leave the system after the transient phase and that the 
demands are cyclical, 

b(a) =[0 0 0 0 D 11,3 D 12,3 D21,3 D22,3 D 11,4 D 12,4 D21,4 D22,4. 

The corresponding network is given in Figure 2. 
The result that (1 5)-( 16) is a generalized network is very important, because it allows 

the use of specialized solution methodologies for solving generalized networks, such as 
Brown and McBride (1985), to find the optimal solution to (14)-(17). 

Generalized Summation Method 

Intuitively, the dual equilibrium technique works by taking the sum of an infinite 
geometric series. That is, when a unit of flow passes from the transient section to the 

statonar setOn Of th fiit mOde (se Fiur 2) it ener a loo whc lik th endOOO 
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TRANSIENT SECTION STATIONARY SECTION 
A_ . A rDA A 

(Ia '11l 11,2 ) i _ 2 D1 a~~~~~~~~~~ 

(a d co) i 

I-a II,~ ~ ~ -aII (ri,PDl, ,) (rl, ,,, D _t a(- r,,,D, I1)oII 

_O 22} D22,1 ) O r22 D , ) a d 

r22, - ( ) a r22, D22,2) 

R2,1 00 N 

a 4cd22 0 ) 

LINK M\/ULTIPLIERa 
(d22,co) -a rl2 D 2,2) 

22'\~~7 -a 22 OD 

-a 12, 

FIGURE 2. Representation of the Dual Equilibrium Technique as a Generalized Network. 

of the aggregated stationary period to the beginning of the stationary period. As the flow 
cycles around the loop, it is factored down by a, 0 < a < 1, which effectively makes x(a) 
the sum of an infinite geometric sequence. The generalized summation method, illus- 
trated in Figure 3, is based on the same intuition. The generalized summation method 
differs from the dual equilibrium in the way the stationary period is aggregated. 

The generalized summation method provides a somewhat more intuitive approach 
to the method of aggregating future time periods. The objective function of the infinite 
horizon DVA model is 

OD 

I a tctxt. (18) 
t=O 

Under the restriction that ci = cj, i, j > 1, this is 
OD 

CoXo + C 2 atX. (19) 
t=l 

The generalized summation method aggregates the stationary period into xgs(a) 

= 1t- a'xI representing a straightforard net present value of future flows. Therefore 
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TRANSIENT SECTION STATIONARY SECTION 

A A~~~~~~~~~~ 

Ak ( r2l I-a D21,2 ) 

Ir (d211oo)~( 
|| d,1 .a 2100)) 

(r,l DI,,, ) a (r IID112) VT Cr Ii DIy) 

R11 -~Q (radV,oD) \a/ (d,1,oo) (dII, oD) 

(d (d (dcn) 

a 9 

(V ~ ~ ~ ( 

(r22D~,, , ttx Cr = )D222) Cr22,a (2D0)) 

t=0 

The dual equilibrium method, however, aggregates the stationary section decision vari- 
able into x(a) = (I - a) 2 &(d2 a'-'X,, producing the objective function cOx) + aCx(a)((l 
- a). Note that the cost coefficient vector c is factored by ae/(I 1-a). 

The diffierence in aggregation methods affiects the upper bounds on links as well as the 
objective function. Suppose Xt = X for t > 1. Then xg,(ax) = sexl( 1- a). Therefore the 
link upper bounds in the aggregated stationary periods are scaled by aM(o - a). In the 
dual equilibrium model, the aggregated stationary stage decision variable would be 

00 

x(a) = a) x p th = x. (21) 

Therefore the upper bounds of the arcs in the stationary section of the dual equilibrium 
method are not modified. 



DYNAMIC VEHICLE ALLOCATION MODEL: MITIGATING END EFFECTS 869 

Leontief Approximation 
The Leontief approximation technique is a direct application of theory developed in 

Grinold and Hopkins (1973). It is attractive because if a specific set of assumptions is 
fulfilled, we can obtain the optimal solution to the decision variables in the transient 
period rather than just an approximation. Unfortunately, the DVA model does not 
fulfill those requirements, but a modified version does. 

The problem Grinold and Hopkins (1973) address is 

min u = fo(xo) + acxl + a 2cx2 + + adcxt + (22) 
subject to 

Aoxo C 09 

H1xo + Ax1 = big 

H2xo+ Klx1 + Ax2 = b2 

Htxo + Kt-lxl + Kt-2x2 + + Axt = bt, 

Xt 20 (t =0, 1, 2,. (23) 

The finite model proposed in Grinold and Hopkins (1973) is summarized in the 
following theorem. 

THEOREM 2 (Grinold and Hopkins 1973). Define three problems, R, R', and P: 

(R) min w = cy subject to 
A(a)y= e, 

y ? 0, (24) 
(R') min W = eTKy subject to 

A(a)y= e, 

y ? 0, (25) 

(P) min u = cx0 + ir*Hxo - r*(a) subject to 

Aoxo = 0, 

xo ? 0, (26) 

where e is a column of ones and lr* is the optimal solution to the dual of (R). If ,r* is 
nonpositive and A, K, and A(a) are Leontief, then P gives the optimal solution to the 
transient period of the infinite horizon problem, xo. If at least one element of lr* is 
positive, then R' and R must both have optimal solutions for xO in P to be optimal in the 
infinite horizon problem. Z 

The crucial assumption in Grinold and Hopkins (1973) is that the matrices A and 
A(a) be Leontief substitution matrices. A Leontief substitution matrix has the property 
that there is exactly one positive element in each column, and the rest of the entries in 
each column are nonpositive. Thus, A is not a Leontief substitution matrix, because 
each column corresponding to a loaded movement has two positive entries. One repre- 
sents the arc's origin and the other the upper bound. This suggests approximating the 
DVA problem by ignoring the upper bound on the revenue links. Mathematically, 
dropping the upper bounds consists of defining A = Af and redefining c and bt accord- 
ingly. To show that such a procedure produces a Leontief constraint matrix, we have 
the following theorem. 
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THEOREM 3. Af is a Leontief substitution matrix if vehicles are allowed to depart 
from each region at each time period. 

PROOF. By definition, Af is a Leontief substitution matrix if and only if each 
column of Af has exactly one positive element and there exists a nonnegative linear 
combination of the columns which is strictly positive. First note that in an uncapaci- 
tated DVA network there are only two nonzero entries in each column, which are of 
opposite sign. A positive element represents the origin of an arc; a negative one indi- 
cates the termination of an arc. Thus all arcs in the model have a positive entry in the 
corresponding column of Af. The first criterion of a Leontief substitution matrix is 
satisfied. Now it must be shown that there exists an x such that Afx > 0. Since Afx = b is 
merely the conservation of flow equations for each time stage (Flow out - Flow in = 
Net supply of vehicles), we can interpret the condition Afx > 0 in a physical sense. The 
condition Afx = e, x ? 0 means that there is a set of nonnegative vehicle flows in which 
one vehicle is added at each node of the DVA network. By assumption, vehicles can 
leave any node in the network. Moreover, the network is acyclic since vehicles cannot 
move backward in time. Thus the extra vehicle introduced at the arbitrary node can 
move forward in the network. As the vehicle reaches a new node in the network, it can 
always find another arc to leave on to move forward in time. For convenience, define 
the vector xk as 

f if the vehicle introduced at node i travels on link j, 
xi, = 

J O otherwise. 

Since all the arcs are uncapacitated, the feasibility of a vehicle's path through time is 
unaffected by the introduction of other vehicles. Thus a vehicle can be introduced at 
each node in the network to produce a series of paths x, ... ., x" (k is twice the product 
of N and the cardinality of C). Then let xj = L; xj. Clearly x 2 0. Moreover, Afx = e 
since x has been constructed by adding one vehicle at each node in the network. Finally, 
since there are finitely many nodes in (1 5)-(17), x is bounded. Hence Af is a Leontief 
substitution matrix. O 

If the DVA model is modified so that the arcs in the stationary period are uncapaci- 
tated, the results of Grinold and Hopkins ( 1973) can be used. That is, define K1, A, x, c 
and b to be the same as in the dual equilibrium method, but modified to eliminate the 
upper bounds on the revenue links. The relevant quantities for the two-region example 
then become 

First Period Second Period 

Full Empty Full Empty 

I1 0 0 1 1 00 0 0 0 0 0 0 0 0 
O 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0 

-1 0-1 0 -1 0-1 0 1 1 0 0 1 1 0 0 

L 0-1 0-1 0-1 0-1 0 0 1 1 0 0 1 1J 

0 0 O0 00 0 0 -1 0-1 0 -1 0-1 0 
O0 0 0 0 0 0 0 0-1 0-1 0-1 0-1 

K,= +-- -+--------- --------- 
O O O O O O O O O 000 00 0 0 

0 0 0 00 00 00 0 0 00 0 0 
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We redefine the discounted sum of these matrices, A(a), as 
I I 1 o- o 1 1 0 0 -a 0 -a 0 -a 0 -a o 

A(a)= 0 0 1 1 0 0 1 1 0 -a 0 -a 0 -a 0 -a 
-1 i -1 0 -1 0-I 0 1 1 0 0 1 1 0 0 

A O -( a -= 0 -1 0 -1 0 0 1 1 0 0 1 0 

c =- [-r11 -r12 -r21 -r22 di1 d12 d21 d22 -r11 -r12 -r21 -r22 di1 d12 d21 d22], 

bt = b(a) = [O O]T, t > O. 

The Leontief approximation to the DVA problem consists of removing the upper 
bounds on the loaded movement variables and solving problem (R). If lr* has no 
positive component, then solve (P) to get xo; otherwise, solve (R'). If some -x* > 0 and 
(R') has a bounded optimal solution, (P) can be solved to get the infinite horizon 
optimal xo. The actual implementation of this approximation technique is similar to 
that of the dual equilibrium procedure, for both require solving a generalized network. 
That is, Theorem 2 also ensures that the supplementary problem is a generalized 
network. Figure 4 presents the network corresponding to the constraint set for problems 
R and R'. The only difference between figure 4 and problem R' is the link costs, which 
are zero for forward pointing arcs and unity for backward pointing arcs. The dual 

(ri2, a) 

(d12la (r1 ) a 

\ | 9 S a 1 1, 0/ b3~(i, C 

A (r1 ,a) 

WHERE bLl for i=1,2,3,4 

11 /j\ (r22.0) ~~~~~~~~b4 

i/ tt v ~~~~(d2I,a))Ili 

FIGUR. Netk R(rea ,: eo a 

FIGURE 4. Network Representation of Leontief Approximation. 
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variables for the first period of (R) are then used as regional penalties for the truncated 
DVA model. That is, the dual for region i is used as the cost for the arcs leaving region i 
nodes for the supersink of the finite horizon DVA model. 

Note that the economic interpretation of this "uncapacitated" DVA model is that 
there is infinite demand for vehicles between regions in the stationary period. Therefore 
the Leontief approach is unable to fully exploit the power of the results in Grinold and 
Hopkins (1973), since the problem being solved is only an approximation to the DVA 
model. If the DVA model being considered has very high demands on the whole, 
however, the Leontief model may serve as a good approximation technique. 

4. Numerical Experiments 

Each approximation method needs to be evaluated on how close its solution is to the 
infinite horizon model solution, as well as its computational requirements. This should 
be done in the context of practical usefulness rather than theoretical elegance. The 
tradeoffs each method faces are between computer requirements and accuracy relative 
to the true solution to the infinite horizon DVA model. The tradeoff is an important 
one. In actual implementations, the DVA model frequently must be run in real-time, 
often on an already heavily congested computer, and response times must be extremely 
fast. This section begins by introducing three new approximation methods to be used in 
judging the approximation techniques of the previous section. It then describes the 
method of measuring how "good" an approximate solution is, and it finishes by de- 
scribing the experimental design and analyzing the numerical results. 

Brute Force Approximation 

For the purpose of evaluating the accuracy of different approximations, each prob- 
lem tested is solved using a relatively long planning horizon, depending on the value of 
the discount factor a. At the end of the planning horizon, all future movements are 
ignored. The solution of this problem is then assumed to be a reasonable approxima- 
tion of the original infinite stage planning problem. Comparisons of solutions obtained 
by different approximations are then made using the flows during the transient stage. 

The number of stages Nto be used in the brute force method is determined by finding 
the smallest integer N such that aN < c, where e is a suitably chosen tolerance parameter. 
In the experiments reported here, two values of a are used, with a different value of e for 
each discount factor. Runs with a = 0.3 use e = 0.05 (N = 3), and runs with a = 0.6 use 
e = 0.02 (N = 8). Tests with smaller values of e indicate that the first stage solution of the 
brute force method is not very sensitive to changes in e below these levels. 

Naive Approach 

At the other extreme from the brute force method is the simplistic method of trun- 
cating the DVA model at the end of the first stage. The links corresponding to the 
vehicle movements terminating beyond the end of the planning horizon terminate at a 
supersink. That method should provide a bound on how "bad" an approximation can 
be relative to the brute force surrogate for the infinite horizon solution. Thus, if an 
approximation method performs "worse" than the naive approach it should be dis- 
carded for two reasons. First, the naive method is the simplest approximation proce- 
dure. Second, it is quick to solve because efficient network simplex codes designed for 
networks without gains or losses can be used. 

Naive Penalty Method 

It is clear that the basic naive method can be made to look arbitrarily bad by 
constructing attractive links into very unattractive areas near the end of the planning 
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horizon. A natural way to help overcome the obvious problems of this approach is to 
use the naive solution to calculate regional end of period "penalties." Regional penal- 
ties are costs which attempt to capture the relative value of an additional vehicle in each 
region at the end of the first stage. The regional penalties are placed on the links 
destined for the supersink to give a modified one-stage DVA model. That modified 
model is solved and regional prices are calculated and re-applied to the links destined 
for the supersink. Thus the naive penalty model is iterative, and the modeller decides 
how many iterations to use. 

The penalty p(i; n) is an approximation to the future worth of a vehicle at region i in 
period n. Thus p(i; n) depends on where the vehicles are sent after being in region i at 
time n. A vehicle that leaves region i at time n and arrives at j at n + tij contributes ri1,n 
(the revenue gained) or dij,n (deadhead cost incurred) plus the future worth of being in 
region j at n + tij, p(j; n + tij). Thus the regional penalties are calculated recursively by 
period, beginning at the end of the planning horizon and moving backward in time. 
The recursion formula for period n is 

p(i; n) = ( Fik,n + Eik,n)-f [Fijn(rijn + p(i; n + t14)) + Ein(diXn + p(i; n + tij))]. (27) 
keC jEC 

For the first iteration the penalties beyond the planning horizon of the naive solution 
are zero. For subsequent iterations of the method, the penalties beyond the planning 
horizon are the first period penalties from the previous iteration. That is, the cost on the 
link going from i at the last time period into the supersink is taken to be p(i; 1). Again, 
since the network problem used for each iteration does not have any gains or losses, a 
specialized simplex code can be used to solve each iteration efficiently. In fact, because 
only a subset of objective function coefficients change from iteration to iteration, the 
old basis can be used as a starting point for the next iteration. These features make this 
method quick and simple. Therefore, alternative approximation methods should come 
closer to the brute force approximation than the naive penalty approach to be consid- 
ered for use. 

Method of Measurement 
A "bad" approximation technique is one that provides a solution that does not agree 

well with the corresponding section of the optimal brute force solution. The measure- 
ment of "agreement" used here is the fraction of vehicles dispatched in a manner 
different from the brute force approach. This can be defined more precisely. Let Vn be 
the number of vehicles available for dispatch during period n. Let Fijn and Ei,n be the 
number of full and empty vehicles, respectively, that depart in period n from region i to 
region j of the brute force model. Then the measure of deviation from the brute force 
solution during period n is 

bn = (2 Vn)- 1 [ KPij,n - Fij,n)l + I(Ein- Ei- ] (28) 

where bn is interpreted as the fraction of vehicles originating in time period n which are 
dispatched differently from the brute force solution. The results reported here are for 
the first period, which is of the most importance to a dispatcher using a DVA model, 
and the average deviation over the course of the T period transient period. The average 
deviation statistic is bTS = T ̀  b. 

Experimental Design 
The purpose of the numerical experiments is to examine the performance of the 

approximation techniques of ?3 on a wide variety of test problems. The experimental 
design is thus based on different combinations of four parameters: the ratio of average 
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demand per period to the number of vehicles in the system (termed here "level of 
demand"), the number of periods per time stage, the structure of the demands, and the 
weekly discount rate. 

The test problems are created using a computer random number generator. The 
problem generator considers the regions to be points, located in a 1000 by 2000 mile 
rectangle. The x and y coordinates are randomly generated from uniform distributions, 
and the distances between points can be calculated by assuming a straight line path. To 
compute how many periods it requires to move between regions, the program com- 
putes the euclidean distance between the regions and uses the average speed (42 miles 
per hour) to find the average travel time. The deadhead and revenue figures for origin 
destination pairs are calculated by assuming one dollar per mile for empty deadhead 
costs and 35 cents per mile net revenue for loaded vehicles. 

As the Alaska example of the introduction pointed out, end effects should be the 
most severe when there are regions with a high demand for vehicles into them but not 
very high demand for vehicles leaving them. The problem generator captures this by 
randomly generating "attraction potentials" and "generation potentials" for each re- 
gion. The attraction and generation potentials are appropriately scaled numbers that 
are a measure of a region's ability to attract and generate flow, respectively. The product 
of the attraction potential of a destination of a link and the generation potential of the 
origin region, rounded to the nearest integer, is the expected demand, i.e. the upper 
bound on the link between those two regions. 

Both the attraction and generation potentials are drawn from a uniform distribution 
on the unit interval. They are then scaled to make the average total demand per period 
equal to a specified fraction of the number of vehicles in the system, the "level of 
demand." One set of test problems draws the attraction and generation potentials 
independently. Hence this set is said to have "uncorrelated" demands. Another set of 
test problems are based on sampling the regional attraction potentials, ai, and then 
calculating the generation potentials, gi, by the equation gi = 1 - ai. This is the 
"correlated" demand set of problems. The motivation for this design is that myopic 
algorithms should perform relatively poorly using correlated demand and production 
factors, since this increases the likelihood of drawing a vehicle into a region with a high 
attraction potential, only to find little demand out of the region. 

The test problems are designed to test a set of hypotheses about how the approxima- 
tion methods perform. Of course the most important hypothesis to consider is that the 
dual equilibrium, generalized summation, and Leontief approximations are better than 
the naive and naive penalty methods. Beyond that, there is the question of how these 
methods compare with each other, and how the structure of the problem affects perfor- 
mance. Toward this goal, a series of experiments are run to test the affect of the level of 
demand, the discount rate, the number of time periods in each stage, the number of 
regions, and whether or not attraction and production potentials are correlated. The 
purpose of testing these variables is as follows: 

* Level of demand-One of the key approximations is the aggregation of upper 
bounds (the demands). The quality of the solutions should all improve as the demands 
are increased relative to the supply of vehicles. In particular, the Leontief approxima- 
tion should provide an exact solution when the upper bounds are infinite. 

* Discount rate-As a is decreased, myopic algorithms such as the naive approach 
should perform better. As a is increased, the accuracy of the dual equilibrium and 
generalized summation procedures, as well as the relative computational efficiency 
over the brute force approach, should improve. 

* Number of regions-The relative value of the more rigorous approaches may be 
more pronounced with larger problems, where there are more opportunities for making 
wrong decisions. 
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* Number of time periods in each stage-The deviations from the brute force solu- 
tion for the myopic formulations should be more pronounced when the number of time 
periods per stage is decreased, as this has the effect of shortening the planning horizon. 

* Correlation of attraction and production potentials-The deviations from the 
brute force solution should increase for all approximation methods when the attraction 
and generation potentials are calculated using the equation gi = 1 - ai. 

Numerical Results 

Three test problems are created for each setting of parameters using the random 
problem generator. Since 34 different combinations of parameter settings are tested, 
102 test problems are considered. Tables 1 and 2 give averages of the 61 and 5TS 

statistics, respectively. Each row represents the average of the test statistics for the three 
test problems at the parameter settings described by columns 1 through 6. Tables 3 and 

TABLE 1 

5j Measure of Deviation from Brute Force Solution (each row is the average of three data points) 

Planning 
Cor- Horizon 

Number Periods related of Brute 
Level of of per Demands Discount Force Naive Dual Gen. Leontief 
Demand Regions Stage ? Rate Method Naive Penalty Eq. Sum. Approx. 

0.5 20 2 yes 0.600 8 0.107 0.267 0.052 0.045 0.142 
0.5 20 2 yes 0.300 3 0.082 0.264 0.010 0.013 0.133 
0.5 20 2 no 0.600 8 0.131 0.124 0.059 0.052 0.124 
0.5 20 2 no 0.300 3 0.099 0.114 0.006 0.008 0.110 
0.5 20 7 yes 0.300 3 0.097 0.097 0.104 0.145 0.122 
0.5 20 7 no 0.300 3 0.121 0.121 0.117 0.144 0.170 
0.5 39 2 yes 0.600 8 0.111 0.456 0.082 0.080 0.161 
0.5 39 2 yes 0.300 3 0.066 0.412 0.015 0.014 0.140 
0.5 39 2 no 0.600 8 0.113 0.182 0.076 0.060 0.162 
0.5 39 2 no 0.300 3 0.083 0.184 0.022 0.026 0.143 
1. 20 2 yes 0.600 8 0.133 0.238 0.043 0.062 0.207 
1. 20 2 yes 0.300 3 0.092 0.232 0.007 0.006 0.197 
1. 20 2 no 0.600 8 0.141 0.178 0.066 0.060 0.176 
1. 20 2 no 0.300 3 0.104 0.170 0.015 0.017 0.138 
1. 20 7 yes 0.300 3 0.089 0.067 0.023 0.081 0.086 
1. 20 7 no 0.300 3 0.080 0.079 0.062 0.099 0.062 
1. 39 2 yes 0.600 8 0.122 0.429 0.055 0.057 0.281 
1. 39 2 yes 0.300 3 0.056 0.425 0.036 0.036 0.232 
1. 39 2 no 0.600 8 0.122 0.244 0.073 0.078 0.205 
1. 39 2 no 0.300 3 0.074 0.231 0.029 0.025 0.162 

10 20 2 yes 0.600 8 0.162 0.155 0.028 0.027 0.197 
10 20 2 yes 0.300 3 0.125 0.133 0.002 0.005 0.173 
10 20 2 no 0.600 8 0.115 0.170 0.063 0.063 0.210 
10 20 2 no 0.300 3 0.090 0.165 0.033 0.033 0.207 
10 20 7 yes 0.300 3 0.058 0.068 0.003 0.000 0.040 
10 20 7 no 0.300 3 0.111 0.128 0.005 0.005 0.036 
10 39 2 yes 0.600 8 0.128 0.166 0.021 0.021 0.185 
10 39 2 yes 0.300 3 0.121 0.197 0.021 0.021 0.168 
10 39 2 no 0.600 8 0.075 0.182 0.035 0.033 0.150 
10 39 2 no 0.300 3 0.066 0.175 0.028 0.028 0.150 
inf 20 2 yes 0.600 8 0.000 0.363 0.000 0.000 0.000 
inf 20 2 yes 0.300 3 0.000 0.142 0.000 0.000 0.020 
inf 39 2 no 0.600 8 0.064 0.370 0.000 0.000 0.056 
inf 39 2 no 0.300 3 0.016 0.282 0.016 0.016 0.114 

All Problems 0.093 0.212 0.036 0.040 0.143 



876 RICHARD E. HUGHES AND WARREN B. POWELL 

TABLE 2 

5TS Measure of Deviation from Brute Force Solution (each row is the average of three data points) 

Planning 
Cor- Horizon 

Number Periods related of Brute 
Level of of per Demands Discount Force Naive Dual Gen. Leontief 
Demand Regions Stage ? Rate Method Naive Penalty Eq. Sum. Approx. 

0.5 20 2 yes 0.600 8 0.158 0.403 0.066 0.059 0.124 
0.5 20 2 yes 0.300 3 0.098 0.424 0.013 0.016 0.132 
0.5 20 2 no 0.600 8 0.150 0.247 0.076 0.066 0.148 
0.5 20 2 no 0.300 3 0.111 0.250 0.008 0.010 0.123 
0.5 20 7 yes 0.300 3 0.244 0.233 0.101 0.108 0.143 
0.5 20 7 no 0.300 3 0.261 0.259 0.107 0.119 0.170 
0.5 39 2 yes 0.600 8 0.155 0.671 0.095 0.100 0.189 
0.5 39 2 yes 0.300 3 0.091 0.656 0.020 0.020 0.147 
0.5 39 2 no 0.600 8 0.135 0.397 0.083 0.077 0.168 
0.5 39 2 no 0.300 3 0.086 0.407 0.024 0.026 0.130 
1. 20 2 yes 0.600 8 0.190 0.403 0.060 0.077 0.230 
1. 20 2 yes 0.300 3 0.112 0.432 0.009 0.008 0.180 
1. 20 2 no 0.600 8 0.155 0.241 0.067 0.061 0.185 
1. 20 2 no 0.300 3 0.102 0.252 0.016 0.018 0.131 
1. 20 7 yes 0.300 3 0.212 0.204 0.042 0.054 0.152 
1. 20 7 no 0.300 3 0.194 0.183 0.041 0.050 0.097 
1. 39 2 yes 0.600 8 0.204 0.608 0.080 0.083 0.304 
1. 39 2 yes 0.300 3 0.082 0.631 0.039 0.039 0.211 
1. 39 2 no 0.600 8 0.191 0.329 0.095 0.106 0.237 
1. 39 2 no 0.300 3 0.102 0.347 0.033 0.027 0.160 

10 20 2 yes 0.600 8 0.249 0.364 0.046 0.045 0.250 
10 20 2 yes 0.300 3 0.188 0.332 0.012 0.015 0.193 
10 20 2 no 0.600 8 0.169 0.410 0.059 0.060 0.234 
10 20 2 no 0.300 3 0.137 0.395 0.032 0.032 0.217 
10 20 7 yes 0.300 3 0.289 0.305 0.013 0.011 0.160 
10 20 7 no 0.300 3 0.294 0.325 0.010 0.011 0.130 
10 39 2 yes 0.600 8 0.268 0.401 0.026 0.026 0.286 
10 39 2 yes 0.300 3 0.215 0.431 0.020 0.020 0.230 
10 39 2 no 0.600 8 0.132 0.425 0.035 0.033 0.176 
10 39 2 no 0.300 3 0.123 0.420 0.027 0.027 0.170 
inf 20 2 yes 0.600 8 0.021 0.617 0.000 0.000 0.000 
inf 20 2 yes 0.300 3 0.000 0.571 0.000 0.000 0.020 
inf 39 2 no 0.600 8 0.064 0.685 0.000 0.000 0.056 
inf 39 2 no 0.300 3 0.030 0.641 0.016 0.016 0.117 

All problems 0.153 0.111 0.040 0.041 0.165 

4 give averages by parameter level. Each row represents the average of the test problems 
with the parameter settings in column 1. 

Evaluating the results presented in Tables 1 through 4 is not just a matter of deciding 
which entry is smallest. Because of degeneracy, an approximation technique may pro- 
vide an optimal solution, but one that does not match the optimal solution provided by 
the brute force approximation. To account for this, a set of tests is performed to 
estimate the variance of 61 and 5Ts. A variation of the dual equilibrium model is created 
by trivially changing the network structure. The resulting modified dual equilibrium 
structure gives the same optimal objective function value as the dual equilibrium 
method, although it usually produces a different transient stage solution as a result of 
network degeneracy. The difference between the two optimal solutions to the dual 
equilibrium problem can be used to estimate the variance of 61 and a5T due to degener- 
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TABLE 3 

Average Deviations from the First Period of Brute Force Solution by Parameter Level 

Parameter Number of Naive Dual Generalized Leontief 
Level Observations Naive Penalty Equilibrium Summation Approx. 

LOD = 0.5 30 0.1011 0.2221 0.0543 0.0587 0.1406 
LOD= 1 30 0.1013 0.2292 0.0410 0.0520 0.1745 
LOD = 10 30 0.1050 0.1538 0.0239 0.0240 0.1520 
LOD = inf. 12 0.0198 0.2192 0.0040 0.0040 0.0476 
Per. = 2 84 0.0927 0.2374 0.0319 0.0316 0.1551 
Per. = 7 18 0.0928 0.0933 0.0524 0.0791 0.0859 
Corr. = Yes 51 0.0911 0.2417 0.0294 0.0360 0.1461 
Corr. = No. 51 0.0944 0.1822 0.0415 0.0439 0.1397 
Alpha = 0.6 42 0.1087 0.2517 0.0466 0.0456 0.1611 
Alpha = 0.3 60 0.0816 0.1843 0.0277 0.0361 0.1301 
Regions = 20 60 0.0969 0.1637 0.0349 0.0432 0.1274 
Regions = 39 42 0.0869 0.2810 0.0364 0.0354 0.1650 

acy. The dual equilibrium model gives measures 61 and 5TS of deviation from the brute 
force method and the modified dual equilibrium model gives 6'1 and YT. Thus the 
difference between their deviation from the brute force solution is P1 = 61 - 6'M and PTS 

= 5TS - Y'S. Note that 61, 6'M, 5TS and 5'a can be considered realizations of random 
variables since network flow models often have many optimal solutions from which the 
computer selects only one. Since the difference between two random variables is a 
random variable, P1 and PTS are random variables. Forty-two of the test problems are 
used to generate the sets of results {I I} and {I TS}. We first would like to test the 
hypothesis that the true means of PI and PTS are zero. Assuming the two quantities are 
normally distributed, which the numerical experiments indicate, a paired comparison 
Student T test is used. The t-statistics for the hypotheses that the true means of PI and 
PTS are zero are 0.78 and 0.66, respectively, indicating that it is safe to conclude that the 
actual means are zero. The variance is then calculated using zero as the true mean and 
42 degrees of freedom. The estimates of the standard deviations of PI and PTS are 0.03 34 
and 0.0190. These values should be kept in mind when evaluating the numerical results 
in the tables, since these values are estimates of the standard deviation of the variability 
in 61 and 5Ts due to degeneracy. 

TABLE 4 

Average Deviations from the Transient Period of the Brute Force Solution by Parameter Level 

Parameter Number of Naive Dual Generalized Leontief 
Level Observations Naive Penalty Equilibrium Summation Approx. 

LOD = 0.5 30 0.1011 0.2221 0.0543 0.0587 0.1406 
LOD= 1 30 0.1013 0.2293 0.0409 0.0520 0.1745 
LOD = 10 30 0.1050 0.1538 0.0239 0.0236 0.1516 
LOD = inf. 12 0.0199 0.2892 0.0040 0.0040 0.0476 
Per. = 2 84 0.0928 0.2375 0.0318 0.0316 0.1551 
Per. = 7 18 0.0928 0.0933 0.0524 0.0791 0.0858 
Corr. = Yes 51 0.0911 0.2418 0.0295 0.0361 0.1461 
Corr. = No. 51 0.0944 0.1823 0.0415 0.0440 0.1397 
Alpha = 0.6 42 0.1088 0.2516 0.0466 0.0460 0.1611 
Alpha = 0.3 60 0.0812 0.1843 0.0277 0.0361 0.1301 
Regions = 20 60 0.0969 0.1637 0.0349 0.0432 0.1274 
Regions = 39 42 0.0869 0.2869 0.0364 0.0354 0.1650 
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Keeping this in mind, it is clear from Tables 1 and 2 that both the dual equilibrium 
and generalized summation methods perform better than the naive, naive penalty, and 
Leontief approximation methods. However, the dual equilibrium or generalized sum- 
mation methods are effectively equivalent, as expected. The results of Tables 3 and 4 
suggest that decreasing the number of regions in the model reduces the deviations from 
the brute force solution for all but the naive penalty and generalized summation 
methods; reducing the discount rate improves the performance of all methods over the 
brute force approach. However, considering the standard deviation due to degeneracy, 
it is safe to conclude that a and the number of regions only affect the naive penalty 
method and the Leontief Approximations. As expected, the higher levels of demand 
significantly improve the quality of the solutions, except for the naive and naive penalty 
methods. Moreover, the Leontief approximation performs much better at the infinite 
level of demand. At the three more realistic levels of demand, however, the Leontief 
approximation is outperformed even by the naive approach. Note that although theory 
suggests that the deviations from the Leontief approximation at infinite levels of de- 
mand should be zero, degeneracy produces positive deviations. The effect of using more 
periods per stage improves the quality of the naive penalty approach while impairing 
the performance of the dual equilibrium and generalized summation methods. Some- 
what surprisingly, the intuitive effect of the correlation of attraction and generation 
potentials is not supported by the data. 

It is important to note that the solutions given by the approximation methods which 
formulate as generalized networks contain fractional link flows in the transient period. 
Unlike pure networks, there is no guarantee of an integer optimal solution for general- 
ized networks. To implement the dual equilibrium and generalized summation 
methods, then, would require some method for integerizing the solution. The appeal of 
the naive, naive penalty, and Leontief approximation methods is that they do not face 
this problem. 

The final evaluation of the approximation techniques should consider not only 
accuracy but also computer requirements. In particular, practical implementation 
issues put a limit on the amount of computer time required to solve the DVA model. As 
such, the brute force solution places an upper bound on the amount of computer time 
required to solve the model. If an approximation method takes longer to solve than the 
brute force model, the user may as well use the brute force model instead. The software 
used for testing was written in FORTRAN 77, with the exception of the generalized 
network code (Mulvey and Zenios, 1985), which was written in FORTRAN IV. All 
programs were compiled using an optimizing compiler and were run on an IBM 3081. 
Typical runs times for 39 region problems were 11.3 seconds for the dual equilibrium 
method and 10.8 seconds for the generalized summation method. A typical run time 
for the brute force method was 34 seconds for a planning horizon of eight stages and 6 
seconds for a planning horizon of three stages. The naive approach required 3 seconds. 
Thus the only two methods that provided better solutions than the naive approach, the 
dual equilibrium and generalized summation models, required more time to solve than 
the brute force method when a = 0.3 and the planning horizon was three stages long. 
Therefore the dual equilibrium and generalized summation models should be used 
unless a is relatively small, since a small discount factor implies a short brute force 
model that can be solved quickly. 

5. Conclusions 

We have shown that finite generalized network models can be used to approximate 
the first stage solution of the infinite horizon DVA model. Although such an approach 
to mitigating end effects in the DVA model worked well on the test problems consid- 
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ered, it required the computational expense of solving generalized network problems. A 
goal of future research is to discover methods for reducing end effects in the DVA 
model which can be formulated as pure networks. Then more efficient solution tech- 
niques for networks without gains or losses on links such as Kennington and Helgason 
(1980) could be used. Moreover, such an approach would avoid the problem of frac- 
tional solutions. 

References 

BROWN, G. B. AND R. D. McBRIDE, "Solving Generalized Networks," Management Sci., 30 (1984), 
1497-1523. 

GRINOLD, R., "Finite Horizon Approximations of Infinite Horizon Linear Programs," Math. Programming, 
12 (1977), 1-17. 
, "Model Building Techniques for the Correction of End Effects in Multistage Convex Programs," 
Oper. Res., 31, 3 (1983a), 407-431. 

"Convex Infinite Horizon Programs," Math. Programming, 25 (1983b), 64-82. 
AND D. S. P. HOPKINS, "Computing Optimal Solutions for Infinite-Horizon Mathematical Programs 

with a Transient Stage," Oper. Res., 21 (1973), 179-187. 
HOPKINS, D. S. P., "Infinite-Horizon Optimality in an Equipment Replacement and Capacity Expansion 

Model," Management Sci., 18 (1971), 145-156. 
JORDAN, W. C. AND M. A. TURNQUIST, "A Stochastic, Dynamic Network Model for Railroad Car Distribu- 

tion," Transportation Sci., 17 (1983), 123-145. 
KENNINGTON, J. L., AND R. V. HELGASON, Algorithms for Network Programming, Wiley, New York, 1980. 
LEDDON, C. D. AND E. WRATHALL, Scheduling Empty Freight Car Fleets on the Louisville and Nashville 

Railroad, Second International Symposium on the Use of Cybernetics on the Railways, Montreal, 
Canada, October 1-6, 1967. 

MANNE, A. S., "Sufficient Conditions for Optimality in an Infinite Horizon Development Plan," Economet- 
rica, 38 (1970), 18-38. 

MULVEY, J. M. AND S. ZENIOS, "Solving Large Scale Generalized Networks," J. Informat. Optim. Sci., 6 
(1985), 95-112. 

POTTS, R. B., "Movement of Empty Containers within Australia," Presented at Operations Research Society 
of Victoria, Melbourne, Australia, September 17, 1970. 

POWELL, W. B., "A Stochastic Formulation of the Dynamic Vehicle Allocation Problem," Transportation 
Sci., 20 (1986), 117-129. 
, Y. SHEFH AND S. THIRIEZ, "The Dynamic Vehicle Allocation Problem with Uncertain Demands," in 
Ninth Internat. Sympos. Transportation and Traffic Theory, VNU Science Press, 1984, 357-374. 

WHITE, W. W., "Dynamic Transshipment Networks: An Algorithm and Its Application to the Distribution of 
Empty Containers," Networks, 2, 3 (1972), 211-236. 
AND A. M. BOMBERAULT, "A Network Algorithm for Empty Freight Car Allocation," IBM Systems 

J., 8, 2 (1969), 147-171. 


	Article Contents
	p. 859
	p. 860
	p. 861
	p. 862
	p. 863
	p. 864
	p. 865
	p. 866
	p. 867
	p. 868
	p. 869
	p. 870
	p. 871
	p. 872
	p. 873
	p. 874
	p. 875
	p. 876
	p. 877
	p. 878
	p. 879

	Issue Table of Contents
	Management Science, Vol. 34, No. 7 (Jul., 1988), pp. 805-920
	Front Matter
	Defensive Marketing Strategies: An Equilibrium Analysis Based on Decoupled Response Function Models [pp.  805 - 815]
	Strategic Decision Processes in High Velocity Environments: Four Cases in the Microcomputer Industry [pp.  816 - 835]
	An Additive Group Utility for a Fund Manager [pp.  836 - 842]
	Algorithms for Scheduling a Single Machine to Minimize the Weighted Number of Late Jobs [pp.  843 - 858]
	Mitigating End Effects in the Dynamic Vehicle Allocation Model [pp.  859 - 879]
	Stock Allocation in a Two-Echelon Distribution System or "What to Do Until Your Ship Comes In" [pp.  880 - 895]
	The Siting of Emergency Service Facilities with Workload Capacities and Backup Service [pp.  896 - 908]
	Notes
	When Does Lag Structure Really Matter... Indeed? [pp.  909 - 916]
	Reply to "When Does Lag Structure Really Matter... Indeed? [pp.  917 - 918]

	Back Matter [pp.  919 - 920]



